CS 205b / CME 306

Application Track

Homework 3

1. A simple spring between particles at x; and x5 in 3D can be defined by the equations

dvy dvs Ax I|Ax||
m— me— u TAx] < 0 u — kg(Av-u)u
v _da V_@ Ax=x1—Xg Av=v;—vV (1)
1= 2= =X] — X2 =V — V.

We would like to examine transformations under which these equations are invariant. That
is, consider the new quantities obtained by applying transforms of the form

%1 = Aix1 + by V1= Agvy + by F = AsF + b
X9 = Ayxo + by Vo = A5va + by
my = agmy + 3 My = ayma + B4 t = ast+ B
To = aeTo + Fs ks = arks + By kg = askq + B
Ax = %) — %o Av =¥ — ¥y P
| Ax|]

where A; are non-singular matrices with positive determinant and «; are positive. All of the
matrices A;, vectors b;, and scalars a; and (; are constants. That is, they do not depend
on t, X1, X9, or any of the other quantities that occur in (1). We also require that these
transformed quantities also satisfy

. dv R dv A . - IA N
R T N~ B Py
di dt |Ax|| %o
vy = d;;l Vo = d;? AAX = X1 — X9 AAV = V1 — Va. (2)

Find the most general possible transform. In particular, a transform is suitable if it has the
form above and every solution to (1) is transformed to a solution of (2).

Provide a physical interpretation for each of these degrees of freedom. That is, explain
why any physically meaningful force between two particles must be invariant under these
transforms, provided of course that its parameters are given suitable transform rules.

Finding the fully general set of transforms (there should be 10 degrees of freedom) and showing
that they are suitable is worth one point. Showing that any suitable transform has this form



(and as a result that there are not more than 10 degrees of freedom) is worth a second point.
The physical intuition is worth a third point.

From Asvi +by = V1 = % = aerldd% = al,Alvl we see that by = 0 and Ay = iAl-
Sz’mz’larly, As = Ay From AsF + by = F = mldjg = 2A1(a3m1 + By) B = %AlF +

A1F we conclude that Ag = —Q'Al, bs =0, and A1F 0. Since A1 is nonszngular
5

a5 18 nonzero, and my and F are variable, it must be that B3 = 0. Similarly, one finds
Ag = 3‘2‘ Ay and B4 = 0 and consequently Ay = Z_ZAl'

Consider a steady state solution, where vi = vo = F = Av = 0. Then, Vi = Vo = F =
Av = 0. Substituting into (1) and (2) we find zy = |Ax| and %y = ||Ax||. That is,
|A1x; 4+ b1 — Auxs — ba|| = |Ax| = agl|Ax|| + G = ag|x1 — x2|| + G. Consider setups with
x2 = 0 and ||A1x1 + by — by|| = ag||x1]| + Bs. From x1 — 0 we see that B = ||b1 — by]|.
Since A1 is invertible, we can choose a configuration with x; = Al_l(b4 — b1), which gives
us 0 = ag||AT (by — by)| + [|by — ba||. Since ag > 0, we must conclude that by = by. This
reduces the system to ||A1x1|| = ag||x1||. Squaring both sides we have xT AT A1x; = a2xTx;
or xF'(ATA; — o2D)x; = 0. Since xy is arbitrary, AT Ay = o21. Thus, we conclude that
A1 = ogU, where U is an orthogonal matriz. Since Ay has positive determinant and ag > 0,
we conclude that U is in fact a rotation matrixz. If we repeat this with x; = 0 instead, we find
A4 = ogU, which along with Ay = g—iAl implies ag = ay.

Next, Ax = %1 — %y = (OzGUX} +b1)— (g Uxy +b1) = agU(x; —x2) = agUAX and similarly

Av = S UAv. Then, @ = A% = @UAx _ (7 Ax_ _ jy,
a5 ’ [ax|| — llesUAX] = = jjAx|

We have so far now narrowed the transform possibilities to
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At this point, we can take a look and see how close (1) and (2) are to matching up.
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From this and the fact that at any particular time, Ax and Av could be anything (this equation

must hold identically), one concludes 1 = P2 = 0, aq = a2, and ag = g—g Since the

5
equations are now equivelant, we know that the transforms that remain are suitable, and from
the derivation above we know that no more degrees of freedom are possible in such a transform.

The degree of freedom g corresponds to changing the units of length, as corresponds to
changing the units of time, and ag corresponds to changing the units of mass. The three
degrees of freedom in by correspond to translation invariance. The three degrees of freedom
in U correspond to rotation invariance, and the degree of freedom [Bs corresponds to time
imwvariance. That is, the behavior of a spring does not depend on its location, its orientation
(ignoring gravity), or when I examine the spring. Note that none of these depend in any
particular way on the special properties of a spring. The first three are an artifact of how
measurements are made, and the remaining seven are rather fundamental physical properties.

. For each variable in (1), determine its SI units.

The quantities X1, Xo2, AX, and xo are positions, displacement, and length and have units of
meters (m). The time t has units of seconds (s), and the masses my and mo have units of
kilograms (kg). w is a unit vector and is unitless. vi, va, and Av are velocities and have
units ms~. F is a force and has units kgm s—2. From the spring equation, we see that F
has the same units kg, so it also has units kgm s~2. Finally, F has units of kq times Av, so

that kq has units kgs™'.

. Show that the linear spring conserves mass, momentum, and angular momentum.

The mass is attached to the two particles, so it is trivially conserved. This is generally true of
Lagrangian simulations. The total momentum of the system is p = p1 + pa = M1vy + mava.
Then, ccll_g = ml% + mg% =F — F = 0. Since momentum does not change in time, it is
conserved. Consider the angular momentum about a fized point o. The angular momentum

iSL:L1+L2:(X1—O)Xp1+(X2—O)Xp2.

dL d dp1 d dp2
a—&(){l—o)Xpl—i-(Xl-O)XE+E(X2—O)XPQ+(X2—O)XE
d d

=V1><P1+(X1—O)X%+V2XP2+(X2—O)X%

=myvy X Vi + (x1 —0) X F+mavy X vy + (x2 — 0) x (—=F)

=Ax x F

= [|Ax|lu x <—k5<M—l>u—kd(Av-u)u>

g
=0



4. Show that the energy for a (well-posed) spring is in general decreasing and find the condition
a Spring s parameters must satisfy to conserve energy. The potential energy of the spring is

U =gl (lax] - 20).

1 1 1k,
E= 577711||Vl||2 + §m2||V1||2 + 5—(IIAXII — x0)°
dE dV dV2 s
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If kg = 0, then the spring does not lose energy. Otherwise, kg > 0, and the energy change
is negative unless Av - u = ||AX||_1%HAXH2 = 0. That is, a damped spring loses energy
whenever the spring’s length is changing.

5. Show that the center of mass of the system undergoes uniform translation. (That is, the
center of mass moves through space with constant velocity.)

The center of mass is = TLXLEM2X2  Irg chapge 45 L = mMuVitmovy _
mi1+mo dt m1+ma

is constant. Note that this is true whenever momentum is conserved.

(m1 +ma)~'p, which

6. Show that evolving (1) using forward Euler conserves mass and momentum but not angular
momentum.



Mass s trivially conserved.

1 1
pn—l—l — p711+ + ng-

= le?Jr1 4+ maov
= my (v + At mF) 4 mo(vh — Atmy 'F™)
= (p! + AtF") + (p3 — AtF")
=PI +Pp;
= pTL
Ln—l—l — L?-i—l + Lgl-i—l
= (x{* —0) x p{™ + (x5*! — o) x p3*!
= (x] — o+ Atv]) x (p] + AtF") + (x5 — o+ Atvy) x (ps — AtF")
= (x] — o+ Atv]) x p} + (x5 — o+ Atv]) x p§ + At(Ax" + AtAv") x F"
= (x] —0) x p} + (x5 — 0) x py + At?Av" x F"
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n+1
2

Thus, angular momentum fails to be conserved when there is motion out of the spring direc-
tion. Note that the error goes away under refinement.



